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Abstract This paper gives new concentration inequalities for the spectral norm of a
wide class of matrix martingales in continuous time. These results extend previously
established Freedman and Bernstein inequalities for series of random matrices to the
class of continuous time processes. Our analysis relies on a new supermartingale
property of the trace exponential proved within the framework of stochastic calculus.
We provide also several examples that illustrate the fact that our results allow us
to recover easily several formerly obtained sharp bounds for discrete time matrix
martingales.

Mathematics Subject Classification 60B20 - 60G44 - 60HOS - 60G48

1 Introduction

Matrix concentration inequalities control the deviation of a random matrix around its
mean. Until now, results in literature consider the case of sums of independent random
matrices, or matrix martingales in discrete time. A first matrix version of the Chernoff
bound is given in [1] and was adapted to yield matrix analogues of standard scalar
concentration inequalities in [7,23,25,26]. Later, these results were improved in [33,
34], by the use of a theorem due to Lieb [18], about the concavity of a trace exponential
function, which is a deep result closely related to the joint convexity of quantum
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entropy in physics. See also [20] for a family of sharper and more general results
based on the Stein’s method. These works contain extensions to random matrices of
classical concentration inequalities for sums of independent scalar random variables,
such as the Bernstein inequality for sub-exponential random variables, Hoeffding
inequality for sub-Gaussian random variables or Freedman inequality for martingales,
see e.g. [22] for a description of these classical inequalities. Matrix concentration
inequalities have a plethora of applications, in particular in compressed sensing and
statistical estimation [15], to develop a simpler analysis of matrix completion [11,29],
for matrix regression [5,16,24,31], for randomized linear algebra [9,21], and robust
PCA [6], which are some examples from a large corpus of works. On the other hand,
concentration inequalities for scalar continuous-time martingales are well-known, see
for instance [19,35] and [30] for uniform versions of scalar concentration, and have a
large number of applications in high-dimensional statistics [8, 12] among many others.

Matrix martingales in continuous time are probabilistic objects that naturally appear
in many problems like e.g., for statistical learning of time-dependent systems. No
extension of the previously mentioned results in this framework is available in lit-
erature. The aim of this paper is to provide such results, by combining tools from
random matrix theory and from stochastic calculus [19]. We establish concentration
inequalities for a large class of continuous-time matrix martingales with arbitrary pre-
dictable quadratic covariation tensor. More precisely, we provide a matrix version of
Freedman’s inequality for purely discontinuous matrix martingales (see Theorem 1)
as well as continuous martingales (see Theorem 2). We show that the variance term in
the concentration inequalities is provided by the largest eigenvalue of the predictable
quadratic covariation matrix. In that respect, our results can be understood as exten-
sions to continuous time martingales of previously established results by Tropp [33]
in the case of discrete time matrix martingales. Our proof technique requires a very
different analysis than the discrete-time case, involving tools from stochastic calculus.

The paper is organized as follows. In Sect. 2, after introducing some notation and
defining the class of matrix martingales we consider, we state our main results for
purely discontinuous martingales, see Sect. 2.3 and continuous matrix martingales,
see Sect. 2.4. We provide some comments about the link with analogous results in
discrete time and the sharpness of our bounds. In Sect. 3, we discuss some exam-
ples of application of our Theorems. We consider various particular situations that,
interestingly, allows us to recover some known results concerning series of random
matrices or scalar point processes. Technical results and the proofs of the Theorems
are gathered in “Appendices A, B and D”.

2 Main results

In this section, we give the main results of the paper: We first provide an impor-
tant result (Proposition 1) that establishes a matrix supermartingale property that is
essential for obtaining the concentration inequalities stated in Theorems 1 and 2 for
respectively purely discontinuous and continuous matrix martingales. We first begin
by recalling some definitions from probability theory and stochastic calculus and set
some notation.

@ Springer



Concentration inequalities for matrix martingales in...

2.1 Probabilistic background and Notation

Probabilistic background. We consider a complete probability space (2, %, IP) and
a filtration {.%;};>0 of o-algebras included in .%. Expectation IE is always taken with
respect to IP. We assume that the stochastic system (2, .#, {%;};>0, IP) satisfies the
usual conditions, namely that .%( is augmented by the IP-null sets, and that the filtration
is right continuous, namely .%; = N,~;.%, for any t > 0. We shall denote .%;- as the
smallest o -algebra containing all % fors < t.

A matrix-valued stochastic processes {X;};>0 is a family of random matrices of
constant size (e.g. m x n) defined on (2, .7, P). We say that {X,},>¢ is adapted if
for each ¢ > 0, all the entries of X; are .%;-measurable. We say that it is cadlag if
the trajectories on [0, +0c0] of each entries have left limits and are right continuous
for all w € Q. If {X,},>¢ is cadlag, then we define its jump process {AX,};>0 where
AX; = X; — X,-. We say that {X,};>0 is predictable if all its entries are cadlag and
predictable. We recall that a predictable process is a process that is measurable with
respect to the o-field generated by left-continuous adapted processes. In particular, if
7 is a stopping time and X is a predictable process, then X is .%,- measurable.

A matrix semimartingale is a matrix-valued stochastic process whose entries are
all semimartingales. In the same way, a matrix martingale {M};>¢ is a matrix-valued
stochastic process with entries that are all martingales. Namely, we assume that for all
possible indexes (7, j) of entries, (M,);, ; is adapted, cadlag, such that IE|(M,); ;| <
+o0 for all + > 0, and that

E[M; |ys] =M;

for any 0 < s < t, where the conditional expectation is applied entry-wise on M.
More generally, expectations and conditional expectations are always applied entry-
wise. A brief review of tools from stochastic calculus based on semimartingales is
provided in “Appendix A.2”.

Notation. We denote by 1 the column vector with all entries equal to 1 (with size
depending on the context). Let X be a real matrix and x a real vector. The notation
diag[x] stands for the diagonal matrix with diagonal equal to x, while if X is a square
matrix, diag[ X] stands for the diagonal matrix with diagonal equal to the one of X, tr X
stands for the trace of X. The operator norm (largest singular value) will be denoted
by || X |lop. We define also | X| by taking the absolute value of each entry of X.

If Y is another real matrix, the notation X ® Y stands for the entry-wise prod-
uct (Hadamard product) of X and ¥ with same dimensions, namely (X © Y);x =
(X)j k(YY) k. We shall denote by X Ok the Hadamard power, where each entry of X Ok
is the k-th power of the corresponding entry of X.

We also denote X, ; for the j-th column of X while X ; , stands for the j-th row.
Moreover, for a matrix X and p > 1, we define the norms

1 X1l p.oo = max [Xjellp and [|X]lcc,p = max 1 Xe,jllps

where || - ||, is the vector £,-norm.
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For a symmetric matrix X, the largest eigenvalue is denoted Apax (X). Moreover,
the symbol < stands for the positive semidefinite (p.s.d.) order on symmetric matrices,
namely X < Y iff Y — X is p.s.d.

We shall denote, when well-defined, fé X ds for the matrix of integrated entries
of Xy, namely (fy Xds)i,j = [o(Xs)i,;ds.

We use also matrix notation for stochastic integrals, for instance fé X;dY, stands
for the matrix with entries given by the stochastic integral

t t
( /O Xodv), = ; /0 (X)ikd (¥ )i .

for stochastic processes X, and Y, that are matrix-valued, such that the matrix product
XY, makes sense, and such that these stochastic integrals are well-defined for all i, j.
We define similarly fé dX,Ys.

Let T be a rank 4 tensor of dimension (m x n x p x ¢g) . It can be considered
as a linear mapping from R?*4 to R™*" according to the following “tensor-matrix”

product: p g
(To A= Z Z Tijik1 Ak,i-

k=1 I=1
We will denote by T'T the tensor suchthat TT oA = (ToA) T (ie., sz;k,l =T k1)
and by T,z ; and T; ;,, the matrices obtained when fixing the indices &,/ and i, j
respectively. Notice that (T o A); ; = tr(’]I‘,-,j;.AT). If T and T’ are two tensors of
dimensions m xn x p X g and n X r x p x g respectively, T'T” will stand for the tensor
of dimension m x r x p x g defined as (T’JI”),',]-;/{J = (T-;k,lT/.;k,l)i»j- Accordingly,
for an integer r > 1, if T, ; are square matrices, we will denote by T" the tensor
such that (T"); j.x; = (']I‘:;k’l),-,j. We also introduce || T||op;00 = max s [ Te;x,1llops
the maximum operator norm of all matrices formed by the first two dimensions of
tensor T.

The matrix martingale Z,. In this paper we shall consider the class of m x n matrix
martingales that can be written as

t
Z = / Ty o (Cs ©dMy), ey
0

where T is a rank 4 tensor with dimensions m x n X p X g, whose components are
assumed to be locally bounded predictable random functions. The process M; is a
p X g is matrix with entries that are square integrable martingales with a diagonal
quadratic covariation matrix (see “Appendix A.2” for the definition of the quadratic
covariation matrix of a semimartingale matrix). The matrix C; is a matrix of p x g
predictable locally bounded functions.

More explicitly, the entries of Z; are given by

P 4 t
TS /0 (T 10 (Coer@M )i,

k=1 I=1
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Note that Eq. (1) corresponds to a wide class of matrix martingales. This shape of
matrix martingale, which involves a rank-4 tensor, is natural: all quadratic covariations
between pairs of entries of Z; are accounted by the linear transformation T. Let us
remark that if one chooses T; j.x,; = (Ag); x(Bjs)i,j where Ag and B are m x p and
q % n matrices of predictable functions respectively, then

t
Zt Zf As(Cs @dM.v)Bx~ (2)
0

If one chooses T of dimensions (m x n x 1 x 1) and M; = M, a scalar martingale,
then t
2= [ Aam,
0

where (Ay); j = (Ty); j;1,1 is a constant matrix linear transform.

In Sect. 3 below, we prove that such particular cases lead to generalizations
to continuous-time martingales of previously known concentration inequalities for
“static” random matrices. In the following we will distinguish situations where the
entries of M, are purely discontinuous martingales (see Sect. 2.3) and continuous
martingales (see Sect. 2.4). We recall the definitions of continuous and purely discon-
tinuous martingales, along with other important notions from stochastic calculus in
“Appendix A.2”.

2.2 A matrix supermartingale property

The next proposition is a key property that is used below for the proofs of concentration
inequalities both for purely discontinuous and continuous matrix martingales. It is
nevertheless by itself an interesting result since it can be understood as an extension to
random matrices of the exponential supermartingale property given implicitly in the
proof of Lemma 2.2 in [35], or the supermartingale property for multivariate counting
processes from [4], see Theorem 2, p. 165 and in Chapter 4.13 from [19].

Proposition 1 Let {Y,};>0 be a d x d symmetric matrix martingale such that Yo = 0
and whose entries are locally bounded. Let U, be defined by

Ui=Y (A —AY,—1). ©)

s<t

Ifthe matrix U; has an entry-wise compensator A; (i.e., U;— A, is amatrix martingale)
which is predictable, continuous and has finite variation (FV) then the process

d
Lo=tep (Y- A - 3 304500 )

j=1

is a supermartingale, where (Y j>t is the predictable quadratic variation of the con-
tinuous part of Y o j (see “Appendix A.2” for details). In particular, we have IEL; < d
foranyt > Q0.

This proposition is proved in “Appendix A.3”.
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2.3 Purely discontinuous matrix martingales

In this section, we consider the case of a purely discontinuous (this notion is defined in
“Appendix A.2”") martingale M. More specifically, we assume that M, is a martingale
coming from the compensation of a random matrix with entries that are compound
counting processes. We denote by [vecM]; the quadratic covariation matrix of the
vectorization of M, (defined in “Appendix A.2”).

Assumption 1 Assume that M, is a purely discontinuous matrix-martingale with
entries that are locally bounded. Moreover, we assume that they do not jump at the
same time, i.e. [vecM]; is a diagonal matrix for any ¢. Moreover, assume that any
(i, j)-entry satisfies

(AM;)ij = (J(Nyy )isj X (AN j (5)

where:

e N;is a p X g matrix counting process (i.e., each component is a counting pro-
cess) with an intensity process A; which is predictable, continuous and with finite
variations (FV);

e (Ju)nen isasequence of p x g random matrices, independent of (T;);>0, (C;):>0
and (NV,);>0 and identically distributed, such that [(J1); j| < Jmax a.8. forany i, j
and k > 1, where Jyax > 0.

Remark I Equation (5) can be rewritten for short as AM; = Jy, © AN,. It imposes
a mild condition on the structure of the jumps of M, that allows one to derive an
explicit form for the compensator of Z; (see “Appendix B”). Note that if M; is the
martingale associated with a matrix counting process, then one can simply choose the
sequence (J,)nen as constantly equal to the matrix filled with ones.

The next Theorem is a concentration inequality for || Z;||p, the operator norm of Z;.

Let (Z, j); (resp. (Z;,);) be the matrices of predictable quadratic variations of the
column (resp. row) vector (Z;), ; (resp. (Z;)., ), and let us define

> . (6)
op

02(Z)) = max (H > Zep,
j=1

D AZja)
j=1

Let us introduce also
W [T (BUPH o CcP? o) 0
= 0 /T, o (BUTY 0 €2 0,
7
and
by = Jmax sup |[|Cslloo max (”Ts”op;oo’ ”TT”op;oo), (3

s€[0,1]

and finally ¢ (x) = e* — 1 — x forx € R.
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Theorem 1 Let Z; be the m x n matrix martingale given by Eq. (1) and suppose that
Assumption 1 holds. Moreover, assume that

]E|:/[ ¢(3Jmax|lcs”oo maX(HTS”op;om ”T;r”op;oo))
0 Sl IA max (T2 L ITTI2 . )

op;00° op; 00

< 400, ©)

(Ws)i,jds]

forany 1 <i, j <m+ n. Then, foranyt, x,b, v > 0, the following holds:

b(x + log(m + n))
3

]P[Ilzzllop > /2u(x +log(m + n)) + . 0X(Z) v, b < b}

X
9

<e
where c%(Z,) is given by Eq. (6) and b; by Eq. (8). Moreover, we have
o*(Z1) = hmax (V).

where ,
V, = / W, ds, (10)
0

with W given by Eq. (7).

This theorem is proved in “Appendix B”. It provides a first non-commutative ver-
sion of a concentration inequality for continuous time matrix martingales, in the purely
discontinuous case. This theorem can be understood as the generalization to continu-
ous time martingales of a Freedman inequality for (discrete time) matrix martingales
established in [33].

Let us notice that the two terms involved in the Definition (6) of 62(Z;) are pre-
cisely the matrices of predictable quadratic variations of the entries of Z,Z;'— and
Z;'—Z ; respectively, in full agreement with the form provided in the discrete case [33].
Moreover, if Ty, Ay and C; are deterministic, we can actually write

0(Z0) = max (I[B(Z: 2] lop IE(Z] Z0)lop ). (11)

This term has the same shape as the variance term from Bernstein inequality established
for random series of bounded matrices Z, = Zk Sk as e.g., in [34]. This illustrates
the fact that Theorem 1 extends former results for discrete series of random matrices
to continuous time matrix martingales. A detailed discussion and comparison with
literature is given in Sect. 3 below.

Note that, since ¢ is an increasing function, (9) is satisfied whenever V; has finite
expectation and both [|Csllco, [ Tsllop;c0 and ||’]I‘;r||0p;oo are bounded a.s. by some
fixed constant. In the scalar case (im = n = p = g = 1), the assumption required in
Eq. (9) becomes

t
E[/ e3‘cf‘ksds] < 400,
0
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where matrices A;, B; and tensor T; are scalars equal to one, and C; = C; is scalar.
This matches the standard assumption for an exponential deviation of the scalar mar-
tingale Z, = Z;, see for instance [4].

2.4 Concentration inequality for continuous matrix martingales

In this section, we study the matrix-martingale Z; given by (1) when it is continuous.
This mainly amounts to consider situations where the compensated counting processes
are replaced by Brownian motions. More specifically, we will suppose that M satisfies
the following.

Assumption 2 Assume that {M,} is a matrix of independent standard Brownian
motions. This implies in particular that its entry-wise predictable quadratic variation
matrix reads

(M), =t1.

In this context, we can prove the analog of Theorem 1, i.e, a Freedman concentration
inequality for || Z;||op, the operator norm of Z;. Thus, following the same lines as in
the previous section, let 2 (Z,) be defined by Eq. (6) and let us consider for following

matrix: - o2
T,T' oC 0
W, = ! ! , 12
! [ 0 T T, o C?Z} (12)
which corresponds to the previous Definition (7) where the sequence (J,) and the

process A; are replaced by the constant matrix with all entries equal to one. We have
the following.

Theorem 2 Let Z; be given by (1) and suppose that Assumption 2 holds. Then, the
following holds:

IP|:||Zt||op > /2v(x +log(m +n)) , 6*(Z) < v] <e

forany v, x > 0, where oz(Zt) is defined in (6). Moreover, we have
o2 (Z1) = hmax (V)

where V; is given by
t
v, =/ W, ds. (13)
0
with W given by Eq. (12).

We can remark that the above concentration inequality corresponds exactly to the
result obtained in Theorem 1 for purely discontinuous martingales, if one sets b = 0.
The concentration obtained here is in the “Gaussian” regime: M is a Brownian motion,
which leads to sub-Gaussian tails for Z; . This is to be contrasted with Theorem 1, which
is in a “Poisson” regime: the tails contains both sub-Gaussian and sub-exponential
terms for Z; in this case.
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2.5 Discussion

The concentration inequalities established for the two families of continuous-time
matrix martingales considered above have the same form as the Freedman inequality
obtained in the discrete-time case [26,33]. In the case of deterministic functions T
and C; a direct consequence of Theorems 1 and 2 is

ENZlop < 0/(Z0)y/Zlog(n 4 m) + “E0 1, (14)
where o (Z;) is defined by (11) and b, by (8), with b; = 0 if Assumption 2 holds.

By considering a piecewise constant tensor Ty = Zzzl T Ljk—1,k1(s), where
11k—1,k1(¢) stands for the indicator function of the interval 1k — 1, k], Z; reduces
to a discrete sum of random matrices Z,, = > y_; Sk with S = Ty ofk]i1 C,0dM,.
In this very particular case, one recovers exactly the results obtained by Tropp [34] in

this context, with a variance term given by

o2(Z,) = max (H ZE(sks,j)Hop, S ES] S0 Hp) (15)
k k

Let us mention that, in the context of random series of matrices, a first tail bound
for the norm was provided by Ahlswede and Winter [1]. These authors established a
concentration inequality involving the variance term

o (Zn) = max (D EUSkS] llops D EIST Sillop)-
k k

which is greater than the expression in Eq. (15). The approach of Ahlswede and Winter
is based on the bounding of the matrix moment generating function £ > IE tr efZ»
by iterating Golden-Thomson inequalities (which states that tr eAT8 < tre4eB for
any symmetric matrices A and B). The improvement of aﬁw (Z,) to 0%(Z,) obtained
in [34] is based on a powerful result by Lieb [18], which says that X > treAT102X jg
concave over the SDP (semidefinite positive) cone, for any matrix A.

A surprising aspect of our results concerning continuous time martingales is that,
as a by-product, they allow to recover previous sharp bounds without the use of the
Lieb result. The infinitesimal approach introduced in this paper allows one, through
1t6’s Lemma (see “Appendix A.2”), to bound E tr exp(Z;) quite easily since it can be
explicitly written as IE fot d(trexp(Z,)).

As far as the sharpness of our results is concerned, better bounds than (14) can
be manifestly obtained in some very specific cases. Indeed, it is well-known that for
n X n matrices of symmetric i.i.d. Gaussian random variables (GOE ensemble), the
expectation of the largest eigenvalue is of order /7. This result has been extended to
more general matrices of i.i.d. random variables as, e.g., in the work of Seginer [32]
or Latala [17] where bounds without the /Iog n factor are obtained.

However, for the general case considered in this paper, our results can be considered
as being sharp since they match inequalities from [34] on several important partic-
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ular cases. We develop some of these cases in Sect. 3 below. Concerning the extra
log(m + n) factor, a simple example is the case of a diagonal matrix of i.i.d. standard
Gaussian variables. In that case the largest eigenvalue is simply the maximum of m +n,
whose expectation is well-known to scale as \/log(m + n). We refer the reader to the
discussion in [2,34] for further details.

3 Some specific examples

In this section we provide some examples of applications of Theorems 1 and 2
and discuss their relationship with some former works. Further generalizations in
an even more general context and application to statistical problems are then briefly
presented.

3.1 The martingale Z, = [, A;(Cy ® dM)B;
Let A and B two matrix-valued processes of bounded predictable functions of dimen-

sions m x p and g x n respectively. Let us suppose that (Ts); j ;1 = (As)ix (Bs)i, ;-
This corresponds to the situation where the matrix martingale Z; can be written as

t
Z, = / A,(C, ©dM,)B,. (16)
0

In that case, the entry (i, j) of the matrix W defined by (7) reads, when 1 < i, j < m:

n P q

Woij =YY (Tiakt(T)jak s (EUITH) © CP2 O A
a=1 k=1 I=1

n

p
=D 3" (ADik(By)] (A0 (EU T © €2 O Ak
a=1k=1I=1
In the same way, for | < i, j < n, one has:
m p 9
Witmjim =YY > (Bi(A)Z (B j(BUTH O C22 0 Ak -
a=1 k=1 I=1

Then, Theorem 1 leads to the following corollary, that follows from easy computations.

Proposition 2 If Z; is given by (16), the matrix W defined by (7) can be written as

L | diaglBUP*) © € © &) diag B, B[ 11] 0
W, = P,
1]

! 0 diag[(E(JS* © €2 0 4,7 diag[A]" A,
(17)
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_[al o
no[V 0]

Furthermore, we have also that (8) writes

with

by = Jmax sup || Aslloo,2ll Bsll2,001Cs llo- (18)
s€l0,¢]

The same expression holds for the matrix W, of Theorem 2, provided that one takes

A j=UDij=1

The particular structure (16) enables the study of several particular cases, developed
in the next sections.

3.1.1 Counting processes

An interesting example that fits the setting of purely discontinuous martingales is the
situation where M; comes from the compensation of a matrix-valued process N;,
whose entries are counting processes. In this example we can write M; = N; = A;,
where A, is the compensator of N;. We fix A; = I, and B, = 1, for all ¢, so that

Z, = fot C, ® dM,. We obtain in this case

" [diag [(CP* @ A)1] 0 }
V, = s ) ds,
! /0 [ 0 diag [(C2* O 1) 1]

so the largest eigenvalue is easily computed as

t 13
Amax (Vi) = H / Cs®2 © Agds ” \% H / C(YDZ O Agds H s
0 1,00 0 oo,1

and by = sup;cpo 41 [|Csslloo- This leads to the following corollary.

Corollary 1 Let {N,} be a p x g matrix whose entries (N,); j are independent count-
ing processes with intensities (A;);, j. Consider the matrix martingale M; = N; — A,
where A; = fot Asds and let {C;} be a p x q bounded deterministic process. We have
that

=l [ st onas], v | [ e onas| Y onvan

3P0 1Cs oo (x + Tog(p + )
3

t
”/0 Cs ©d(N; — Ap)

holds with a probability larger than 1 — e™*.

Another interesting situation is when Ay is of dimension 1 x g, M, is of dimension
q x 1, Cy is the matrix of dimension ¢ x 1 will all entries equal to one, B; = 1 for
all ¢. In that case Z; is a scalar martingale denoted Z,. Consider At(l), el At(q) and
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N,(l), ceey N,(q) the ¢ components of the vector A,T and the vector N, respectively.
Along the same line kfl), cee )»t(q) denotes their associated intensities. We thus have

q t
Zi=) /0 APIN®,
k=1

which is a martingale considered in [12]. In this case we have from Proposition 2:

v [l 0 p
re 0 9 (A2, k) [ 45
0 Zkzl( s ) hs

whose largest eigenvalue is simply fot ZZ:] (A§k))2k§k)ds. Theorem 1 becomes in this
particular case the following.

Corollary 2 Let (N,(l), ey N,(q)) be q counting processes of intensities )\.t(l), ceey
At(q). Let us consider the martingale

q t
Zi=), f AV @EN® — 2B ds)
0
k=1

where (A®),_;
SUPg s<; ||A§k)|| < 1, the following inequality

q are q predictable functions. If one assumes that by =

.....

4q t
lP(|Z,| > 2xv + %‘ > / (A0 < v) <2¢7*
0
k=1

holds for any x, v > 0.

This result exactly corresponds to the concentration inequality proved in [12] in the
context of statistical estimation of point processes.

3.1.2 “Static” random matrices

Theorems 1 and 2 can be helpful to study the norm of some specific random matrices.

Letus consider an xm matrix G = [g;, ;] of independent centered Gaussian random
variables g; ;with variance ci .. This corresponds to the situation in Proposition 2 when
t=1,A,=1,,B,=1,and (Cy);j = (C);j =c; . The (n+m) x (n+m) matrix
W, given by (7) writes in this case as the diagonal matrix with entries equal to the
square £%-norms of rows and columns of C respectively. In this setting, Theorem 2
entails the following.

Corollary 3 Let G be a n x m random matrix with independent entries g; j that are
centered Gaussian with variance cizj. Then,
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IP(||G||0p > o/x + log(n + m)) <e* (19)

with
m n
0% = max (||C||oo,2, ||C||2,oo) = max < ' rrllax Zc,-z’j, _max chzj>

In the case of standard Gaussian random variables, i.e., bl.2 j= 1, we simply have

02 = max(n, m). Moreover, Eq. (19) entails in the case n = m:

E|Gllop < 0+/210g(2n).

We therefore recover the bounds on IE|| G || that results from concentration inequali-
ties obtained by alternative methods [26,34]. We refer the reader to Sect. 2.5 and [34]
for a discussion about the sharpness of this result.

The same kind of result can be obtained for a random matrix N containing inde-
pendent entries with a Poisson distribution. Take C; = C as the n x m matrix with all
entries equal to one, and consider the n x m matrix N, with entries (N,); ; that are
homogeneous Poisson processes on [0, 1] with (constant) intensity A;, ;. Taking t = 1,
and forming the matrix A with entries (1); ; = A; j, we obtain from Corollary 1 the
following.

Corollary 4 Let N be a n x m random matrix whose entries (N); j have a Poisson
distribution with intensity A; j. Then, we have

X —
]P<||N — Mlop = v2(IMi1,00 V Moo, DX + 5) < (n+mye™

forany x > 0, where X has entries (A); j = A; j.

Such a result for random matrices with independent Poisson entries was not, up to
the knowledge of the authors, explicitly exhibited in literature. Note that, in contrast
to the Gaussian case considered in Corollary 3, the variance term depends on the
maximum ¢ norm of rows and columns of A, which comes from the subexponentiality
of the Poisson distribution.

3.2 Stochastic integral of a matrix of functions

In this section we consider the simple case where My = M is scalar martingale and
Ty is a matrix of deterministic functions, i.e., (T); j;x; = (Ay)i,j. Let us suppose,
for the sake of simplicity, that C; = 1. The matrix martingale Z; therefore writes

t
Z, = / AgdM;. (20)
0
If that case, Theorems 1 and 2 lead to the following.
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Proposition 3 Let by = supg¢(g ) max([|Asll2,00, [[Aslloo,2) if M satisfies Assump-
tion 1 and take b; = 0 if M, is a Brownian motion. Let us define the variance

t t
o2 = max(H / A, AT ds f A] Ayds ) @1)
0 0 op

2 xb; —x
P(1Zilop = /2073 + 51 ) < (0 +m)e 22)

o

Then

forany x > Q.

This result is a continuous time version of an analogous inequality obtained in [34]
for series of random matrices Z,, of the form

n
Z, =) wAx,
k=1

where y; are i.i.d. zero mean random variables (e.g. standard normal) and Ay is a
sequence of deterministic matrices. Note that Proposition 3 allows one to recover the
result for a discrete sequence Z, simply by considering a piecewise constant matrix-
valued process Aj.
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Appendix A: Tools for the study of matrix martingales in continuous
time

In this section we give tools for the study of matrix martingales in continuous time.
We proceed by steps. The main result of this section, namely Proposition 1, proves

that the trace exponential of a matrix martingale is a supermartingale, when properly
corrected by terms involving quadratic covariations.

Appendix A.1: A first tool

We give first a simple lemma that links the largest eigenvalues of random matrices to
the trace exponential of their difference.

Lemma A.1 Let X and Y be two symmetric random matrices such that

rEleX Y] <k
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for some k > 0. Then, we have
PAmax(X) > Amax(Y) 4+ x] < ke™™

forany x > Q.

Proof Using the fact that [28]
A X B = trexp(A) < trexp(B), forany A, B symmetric, (23)
along with the fact that Y < Apax(Y)1, one has
trexp(X — Y)1g > trexp(X — Anax(Y)I)1E,

where we set £ = {Amax(X) > Amax(Y) + x}. Now, since Apax (M) < tr M for any
symmetric positive definite matrix M, we obtain

trexp(X — Y)1g > Amax (exp(X — Amax(Y)1))1g
= eXp(Amax (X) — Amax(Y)1g
>e'lg,

so that taking the expectation on both sides proves Lemma A.1. O

Appendix A.2: Various definitions and It6’s Lemma for functions of matrices

In this section we describe some classical notions from stochastic calculus [13,19] and
extend them to matrix semimartingales. Let us recall that the quadratic covariation of
two scalar semimartingales X, and Y; is defined as

t t
[X, Y][ZXth—/ Yt—dXt—/\ Xt_le‘_XOYO'
0

0

It can be proven (see e.g. [13]) that the non-decreasing process [ X, X];, often denoted
as [X];, does correspond to the quadratic variation of X; since it is equal to the limit
(in probability) of >, (X, — X;,_, )2 when the mesh size of the partition {#;}; of the
interval [0, #] goes to zero.

If X, isasquare integrable scalar martingale, then its predictable quadratic variation
(X); is defined as the unique predictable increasing process such that X tz — (X)), is
a martingale. The predictable quadratic covariation between two square integrable
scalar martingales X; and Y; is then defined from the polarization identity:

(X,Y):%((X~|—Y,X+Y)—<X—Y,X—Y)).
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A martingale X; is said to be continuous if its sample paths ¢ — X are a.s. continuous,
and purely discontinuous' if Xo = Oand (X, Y), = 0 forany continuous martingale Y;.

The notion of predictable quadratic variation can be extended to semimartingales.
Indeed, any semimartingale X, can be represented as a sum:

X = Xo+ X{ + X + A, (24)

where X¢ is a continuous local martingale, X¢ is a purely discontinuous local martin-
gale and A; is a process of bounded variations. Since in the decomposition (24), X? is
unambiguously determined, (X¢); is therefore well defined [13]. Within this frame-
work, one can prove (see e.g. [13]) that if X, and Y; are two semimartingales, then:

[X, Y], = (X, Y) + Z AX AY;. (25)

0<s<t

All these definitions can be naturally extended to matrix valued semimartingales.
Let X, be a p x g matrix whose entries are real-valued square-integrable semimartin-
gales. We denote by (M), the matrix of entry-wise predictable quadratic variations.
The predictable quadratic covariation of X, is defined with the help of the vectoriza-
tion operator vec : RP*9 — RPY which stacks vertically the columns of X, namely
if X € RP*4 then

T
vec(X) = [Xl,l "'Xp,le,z'"Xp,2"'X1,q"'Xp,q] .

We define indeed the predictable quadratic covariation matrix (vecX); of X; as the
pg X pq matrix with entries

({vecX)y)i,j = ((vecX)i, (vecXy)) (26)

for 1 <i, j < pg,namely such that vec(X,)vec(X )T —(vecX);isa martingale. The
matrices of quadratic variations [ X]; and quadratic covariations [vecX]; are defined
along the same line.

Then according to Eq. (25), we have:

(Xl = (X + ) (AX))?, (27)

0<s<t

and
[vecX]; = (vecX); + Y vec(AX )vec(AX,)'.
0<s<t
An important tool for our proofs is [td’s lemma, that allows one to compute the stochas-
tic differential d F (M) where F : RP*9 — R is a twice differentiable function. We
denote by #F(X) the pg-dimensional vector such that

! Let us note that this definition does not imply that a purely discontinuous martingale is the sum of its
jumps: for example a compensated Poisson process Ny — At is a purely discontinuous martingale that has
a continuous component.
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[ dF ]i oF

= f 1<i< .
dvec(X) d(vecX); oril=i=pe

The second order derivative is the pg x pg symmetric matrix given by

[ d*F ] 92F
i

= forl <i,j < .
dvec(X)dvec(X)T lij — d(vecX);d(vecX); orl=t]=pq

A direct application of the multivariate Itd Lemma ([19] Theorem 1, p. 118) writes
for matrix semimartingales as follows.

Lemma A.2 (Itd’s Lemma) Let {X;};>0 be a p x q matrix semimartingale and F :
RP*4 — R be a twice continuously differentiable function. Then

dF
dvec(X)

L, a°F X)) divecx
+§r<(dvec(X)dvec(X)T( “)) {vec >f>‘

As an application, let us apply Lemma A.2 to the function F(X) = trexp(X) that
acts on the set of symmetric matrices. This result will be of importance for the proof
of our results.

dF
dvecX

T T
dF (X)) = ( (X)) veeX) + AF(X) — ( (X)) vee(AX))

Lemma A.3 (Itd6’s Lemma for the trace exponential) Let {X;} be a d x d symmetric
matrix semimartingale. The It6 formula for F(X,) = trexp(X;) gives

d
1 .
d(treX’):tr(eXt*dXt)+A(treX')—tr(eXt’AXI)+§E tr(eXd(XS )0, (28)
i=1

where (X ;); denotes the d x d predictable quadratic variation of the continuous
part of the i-th column (X,)e,; of X;.

Proof An easy computation gives
treXTH — reX + tr(eXH) + tr(eXHz) + higher order terms in H

for any symmetric matrices X and H. Note that tr(eX H) = (vecH) Tvec(eX), and
we have from [14] Exercise 25 p. 252 that

tr(eX H?) = tr(HeX H) = (vecH) (I ® ¢¥)(vecH),

where the Kronecker product I ® eX stands for the block matrix

eX 0 ---0

1Y = 0 e
o
0 ---0 X
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This entails that

d(treX)_ ) and d?(tr eX)
dvec(X) o) A e (X dvec(X) T

=1®eX.
Hence, using Lemma A.2 with F(X) = treX we obtain
d(treXry = vec(eX ) Tvec(dX,) + AtreXt) — vec(eXi~) Tvec(A X))
+ %tr (I ® X1 )d(vecX®),).
Since vec(Y) "vec(Z) = tr(Y Z), one gets
d(treXty = wr(eX—dX,) + A(treX1)

1
— (X AX,) + St ((I ® e*r)d(vecX©),).

To conclude the proof of Lemma A.3, it remains to prove that
tr (I ® ¥ )d(vecX), Ztr(e = d (XS ).

First, let us write

d({vecX®), Z E" ®d(X oir Xo )t
1<i,j<d

where E"/ is the d x d matrix with all entries equal to zero excepted for the (i, j)-entry,
which is equal to one. Since

(A®B)(C®D)=(AC)® (BD) and tr(A® B) =tr(A)tr(B)

for any matrices A, B, C, D with matching dimensions (see for instance [14]), we
have

tr (I ® eXr)d(vecX®),) = Z tr(E) tr(eX-d (X€

e’

Xf,,-)z)
1<i,j<d

d
:Ztr(exwu S X0
i=1

since tr E"/ = 0 fori # j and 1 otherwise. This concludes the proof of Lemma A.3.
O
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Appendix A.3: Proof of Proposition 1

Define for short

d
1
X =Y —A =3 (Y0
j=1
Since A; and (Yf’j), for j =1, ..., d are FV processes, then
(vecX¢) = (vecY®) (29)
and in particular (Yf,j) = (Xi,j) forany j = 1,...,d. Using Lemma A.3, one has

that for all 11 < t:

n
L, — Ly =/ tr(eX—dX,) + Z (Adtre®n) —tr(eX AX)))
4]

n=t=n

e
= C
+5/z] j§=1tr(e d(X$ )0

n n
=/ tr(eerYt)—/ tr(eX—dA;)
1 1

+ Y (XA —r(eX) — (¥ AYY)),

n=t=n

where we used (29) together with the fact that AX, = AY/, since A; and (Yf’ /.) ; are
both continuous.

The Golden-Thompson’s inequality, see [3], states that tr eAT2 < tr(e4e®) for any
symmetric matrices A and B. Using this inequality we get

23 5]
le — Ltl < / tr(eXt_dY,) _/ tr(eX'_dA[)
1

n
+ Y (M (e —AY, - D)
Hn=t=<n
n

15
:/2tr(exr—dY,)+/ tr (X d(U, — Ay)).
1

n

Since Y, and U; — A, are matrix martingales, e*:~ is a predictable process with locally
bounded entries and L; > 0, the r.h.s of the last equation corresponds to the variation
between #; and #; of a non-negative local martingale, i.e., of a supermartingale. It
results that IE[L;, — L, |-%,]1 < 0, which proves that L, is also a supermartingale.
Using this last inequality with #{ = 0 and #, = ¢ gives [E[L;] < d. This concludes the
proof of Proposition 1.
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Appendix A.4: Bounding the odd powers of the dilation operator
The process {Z;} is not symmetric, hence following [34], we will force symmetry in

our proofs by extending it in larger dimensions, using the symmetric dilation operator
[27] given, for a matrix X, by

0 X
S (X) = [XT 0]. (30)
The following Lemma will prove useful:

Lemma A4 Let X be some n x m matrix and k € N. Then

y(X)zkH:[ 0 X(XTX>’<}<[<XXT)’<+”2 0 }

XT(XXT)k 0 0 (XTx)kJrl/Z

Proof The first equality results from a simple algebra. It can be rewritten as:

Ul _ 0 XXHkXx7 0 xxHM .+
Z(X) - [XT(XXT)k 0 }_ [(XXT)" 0 ¢ (3D
where 0
I,
c— [XT O] (32)

Since (XX ") = 0 and
1 —1
A= [—1 1 ] #0,

we obtain that A ® (X X T)* = 0, since the eigenvalues of a Kronecker product A ® B
are given by the products of the eigenvalues of A and B, see [10]. This leads to:

0 (XX - XX o0
(XXHk o A 0 (XXDF|

Using the fact that [28]
A<B = CAC' <CBC' (33)

for any real matrices A, B, C (with compatible dimensions), we have:

2U+1 XXHE 0 T_[&xxhHt o
LX) <C[ 0 (XXT)"}C _[ 0 (XTx)k|
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Along the same line, one can establish that:
XXT)k+1 0
) 2K+ (
y( ) N 0 (XTX)k

The square root of the product of the two inequalities provides the desired result. O

Appendix B: Proof of Theorem 1

Let us recall the definition (30) of the dilation operator. Let us point out that . (X)
is symmetric and satisfies Apax (7 (X)) = [ (X)llop = [ X|lop. Note that .7 (Z,)
is purely discontinuous, so that (- (Z)C = 0 for any j. Recall that we work on
events {Amax (V) < v}and {b; < b}.

We want to apply Proposition 1 (see “Appendix A” above) to Y; = £.(Z;)/b. In
order to do so, we need the following Proposition.

Proposition B.1 Let the matrix W, be the matrix defined in Eq. (7). Let any & > 0 be
fixed and consider ¢ (x) = ¢ — x — 1 for x € R. Assume that

[ ! ¢ %:Jmax”C |loo max (|| T ||0p;oo» ”TT”op;oo))

T2 ax1C 5112, max(|| Ty |12 s

(Ws)i,jds:| < 400, (34)
op; oo)

Op Oo’ |
forany 1 < i,j < m 4+ n and grant also Assumption 1 from Sect. 2.3. Then, the
process
v=3 (eéM”(Z«v) _EAS(Zy) — 1), (35)
0<s<t

admits a predictable, continuous and FV compensator A; given by Eq. (39) below.
Moreover, the following upper bound for the semi-definite order

"¢ g‘]de“C [l oo max (|| T ||0p 00> ”TTHOp oo))

1C 112, max(|| T3 T3 12 p:00)

Wds (36)
de op; o0? |

is satisfied for any t > O.

This proposition is proved in “Appendix C” below. We use Proposition 1, Eq. (36)
and Eq. (23) together with (9) to obtain

t T —1
]E[trexp (%y(zt)—/o ¢ édeXHC [l oo max (|| T ||op oos I ||op 00)b )Wsds>]

J2axICs 113 max (513 oo 1T 113

op;00°? op; oo)

<m-+n
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for any & € [0, 3]. Using this with Lemma A.1 entails

IP[ max(Y(Zz))

" (& Tmax [ C lloo max (| Ts llop:ocs 1Ty llop:oc)b™") x

> = de 3 T2 Wsds> + -

é T3 Cs 13 max(ITs 12, o 1T 12,00 3
<(m-+n)e >

Note that on {b; < b} we have Jmax [ C; loo max (| Ts lop:oos T llop:oc)p ™! < 1 for
any s € [0, t]. The following facts on the function ¢ (x) hold true (cf. [12,22]):

1) ¢(xh) < h2¢(x) forany 2 € [0, 1]and x > O
. 2
(ii) ¢(€) < gy forany § € (0.3)
(iil) minge(o,1/c) (1 is + ) = 2,/ax + cx for any a, c,x > 0.

Using successively (i) and (ii), one gets, on {b; < b} N {Amax (V) < v}, that for
£ €(0,3):

Lo EJmax”C [l oo max (|| T ||op 00> ”TTllop oo)b_l)

X
_)Lmax Wsd + =
T 1€ max(I T 12, o 17T 12,00) )
_9®) X
= §b2 Amax(/(; Wsds) +g
_9®) x
- ébz )\max(Vt) + %_
&v X

SWr1 -3 &

where we recall that V; is given by (10). This gives

)"max(y(zt)) Ev X -
IP|: b > 2b2(1_§/3) +ga bt Sbv )\max(Vt) <v S(m+n)€ X’
for any £ € (0,3). Now, by optimizing over & using (iii) (with a = v/2b*> and
¢ = 1/3), one obtains

Amax zZ V2 -
]PI: (f( t)) > bvx + %, bt < b, )Lmax(Vt) =< vi| =< (m +l’l)€ *

Since Amax (7 (Z;)) = |17(Z;)llop, this concludes the proof of Theorem 1 when the
variance term is expressed using Eq. (10). It only remains to prove the fact that

02(Zy) = Amax (V).
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Since W is block-diagonal, we have obviously:

’

t
max (V) = max (H / T,IT o (EU™) 0 €2 04,)ds .
0

.-

From the definition of Z;, since the entries of AM; do not jump at the same time, the
predictable quadratic covariation of (Z;), ; and (Z,);,; is simply the predictable com-
pensator of 3, , >~ (T jiap(T)1,j (C5)7 (N2, (ANs)ap. It results that

t
H / TIT, 0 (B(JPY) © €22 A,)ds
0

Z(d o)k = Z(T,)k Jiab(TOLj:a BT 15 ) M) b (€1 ydt

- (T,T,T o E(J) 0 €9 o x,)k dr.

An analogous computation for (Z; ,); leads to the expected result, and concludes the
proof of Theorem 1. O

Appendix C: Proof of Proposition B.1

Let us first remark that:

exp(Y (X)) = — T vk
k;) (2k)! 0 XX

N 1 0 X(XTX)*
Qk+ D! [ XT(XXTH* 0 :

1 [(XXT)k 0 }

Then, from the definition of U, in Eq. (35), we have:

s"ymz )k
=)

0<s<t k>2
g2k+1

ST AZS(AZ] AZ) !

2k
%(AZSAZT)"

=22 | o

05t k=1 | orrmAZy (AZAZ])! W(AZIAZS)"

Since (AZS(AZ;FAZS)]‘)—r = AZ;'—(AZSAZI)", we need to compute three terms:
(AZAZDK (AZ]AZ* and AZ] (AZ AZ]HF
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From Assumption 1, one has, a.s. that the entries of M; cannot jump at the same
time, hence

(AMt)i],jl X X (AMf)im,jm

((AM ), ;)" ity =---=iyand ji == ju (37)
0 otherwise
a.s.foranyt,m > 2 and any indexes iy € {1, ..., p}and ji € {1, ..., g}. This entails,

with the definition (1) of AZj, that (AZ;AZ ] )* is given, a.s., by

P q
D0 (T9)aan(T9) )y ) (Coap(AM)a )™ = (T, T o (C; © AM)O.
a=1b=1

Let us remark that Eq. (34) entails

%k P
§

t
E fo kZ o ),ZZ (T a0 (T g0 "), ;(€)ap)™ EUT1125] Adap ds

=1b=1
< +00

for any i, j, so that together with Assumption 1, it is easily seen that the compensator
of

é-Zk
Z Z—(AZ AZH* (38)

0<s<t k>1 (Zk)'

is a.s. given by

t $2k P q
/O > i 2 ST L) €O BT 2Nk,
k>1 a=1 b=1

Following the same arguments as for (38), we obtain that the compensator of
%-Zk
Z Z YA 2 (AZ][AZ
0<s<t k>1 ( )

is a.s. given by
t %-Zk P4
/ d oo ZZ((Taia,b(Ts).;a,b)"(cs)i’jbEuJnﬁ’fb](xs)a,bds.
k :1 :

Along the same line, one can easily show that the compensator of
%-Zk-H

Z Z = AZI(AZAZ],
(2k + 1)!

0<s<t k>1
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reads a.s.:

t 2k P4
/O 3 % S M) L (T (M) Ly €O BT D T apds.
k>1 “a=1b=1

Finally, we can write, a.s., the compensator of U; as

/ Z R®ds (39)
0

k>1
where B -
& pb & (+ 1)\ T
RK — ool o #s ) )
s 52k+1 (k+1) i )
Qk+ s a0
with

DY) = Z Z((T Jeiap (T5) a0 ) (COZENT DFMg)ab

a=1b=1

DY) = ZZ((T )d:a5(Taia ) (COXELT D2 M)

a=1b=1

14
B = 3 ST (T (T L MBI D% )
a=1 b=1

One can now directly use Lemma A.4 with X = (’]I‘S).;a,blE[(J1)3”‘;1]]/(2’(“)(Cs)a,b
to obtain:

/ ZZZ gk‘]r,rclax2 |: (Ts )o a, p (T ), a, b)k/2 0 ]
0 (T5) .0 p (T ecap) 2

k>2 a=1 b=1
x (Cy)k bE[(Jl)ﬁ,,,ms)a,bds

_ / E T [(ﬂrxoﬂrj)k/z 0
0

Ok o2
k! 0 (Tjoqrs)k/z]°(cs O EJT") O As)ds

k>2

where we used the fact that [(J1);,j| < Jmax a.s. for any i, j under Assumption 1.
Given the fact that

(T9)a:ap (T a0 ) < MTazablopIm < I Ts llop.oodm
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for any a, b, where we used the notations and definitions from Sect. 2.1, we have:
t T
Ty, 0 o2 o2
A, 4/0 [ SO s TSTTJ 0 (C2OEUSH) 0Ly

k—2 k=2 T 2k—1
3 - G max (T, g 1T i)
k>2

t T
- / [Tms 0 }o(cgﬂ@mu%ms)
0

0 T/,
% ¢(§Jmax||c [l oo max (|| T [l op; 00> ”TTHOp;oo))ds
T2l € P max(ITS 12, o, T 1, )

where we recall that ¢ (x) = ¢* — 1 — x. Hence, we finally get

ld’ & Jmax | Cs [l oo max (|| Ts llop; 00> ”TT”()p;oo))

Wds,
PRI 12 max (T 12,0 ITT 2,00
where W, is given by (7). This concludes the proof of Proposition B.1. O

Appendix D: Proof of Theorem 2

The proof follows the same lines as the proof of Theorem 1. We consider as before
the symmetric dilation .’(Z;) of Z; (see Eq. (30)) and apply Proposition 1 with
Y, =&£Y(Z,) and d = m + n. Since Z; is a continuous martingale, we have U; = 0
(cf. (3)), so that (U),; = 0 and we have (Z¢), = (Z),. So, Proposition 1 gives

E|wexp (£7(Z) - %%8&(2).,,»),)] <m+n. (41)

J=1

From the definition of the dilation operator .#, it can be directly shown that:

m+n n
Zj:l(ZO,j)t 0m,n :|
2 (I @ejh = [ Oum X1 (Zj)

where (Z, ;); (tesp. (Z, ;);)is the m xm (resp. n x n) matrix of the quadratic variation
of the j-th column (resp. row) of Z,. Since [M°"]; = (M°"); = tI, we have (for
the sake of clarity, we omit the subscript ¢ in the matrices):
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n n
D Zejyou =Y _dlZyj. Z1 ]
j=1 i—1
Jn .
- Z Z Z Tk,j;a,b']rl,j;a,bcz’bdt

j=la=1b=1
= (T,T/ o CP?) ,dt

which gives in a matrix form
n
Y d(Z. ;) =T,T] o CPar.
j=1
One can easily prove in the same way that

m
Zd(@,.), =TT, o C®%d1.
j=1

Thus,
+
Z (L) )= Vi,

where V; is given by (13). From (41), it results

]E[trexp (gy(z,) — %Vt)] <m+n.

Then, using Lemma A.1, one gets
& x x
P )\max(y(zt)) > E)Vmax(vt) + g <(m-+n)e . (42)
On the event {Amax (V) < v}, one gets

IP|:)\max(<5ﬂ(zt)) = %U + ;_C , Amax (V) < v:| < (m+n)e*. (43)

Optimizing on &, we apply this last result for &€ = /2x /v and get

P[Kmax(y(zz)) > V2xv, Amax(Vy) < U] < (m+n)e . (44)
Since Amax (7 (Z1)) = |7 (Z+) | op, this concludes the proof of Theorem 2. O
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